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Let X be a compact topological space and C(X) the space of real valued
continuous functions on X. ForIE C(X) define

IIIII = sup{lf(x)/: x EX}.

Let rPl , rP2 ,.•. , rPn be a linearly independent subset of C(X). The problem
of one sided Chebyshev approximation, which has been of interest to
Dunham [2] and others, is the following. Given an IE C(X), minimize

over all L:_l airPi(x) subject to

n

L ad'i(x) - f(x) ;> 0
i=1

'VXEX.

In this paper we establish the existence of a positive function in a class of
Haar spaces which is helpful in proofs of existence theorems. Let H n denote
a Haar subspace of C(X) of dimension n, with basis rPl , rP2 ,... , rPn .

In [2], Dunham presented a theorem on existence and uniqueness of a
best one-sided approximation to a given IE C(X), where X is a compact
normal space. An essential part of his proof involved the existence of a
positive function, and he claimed that if rPl ,..., rPn is a Chebyshev set then
existence of a positive linear combination L~=l airPi was assured. This,
however, is not the case, as we see from the following example. Let
X = [-2, -1] u [1,2] and let rPl(X) = x. Then rPl(X) has no zeros in X but
exrPl(X) is positive for no ex. We now present a theorem establishing the
existence of a positive linear combination under certain conditions.

THEOREM 1. Let H n be an n-dimensional Haar subspace oIC(x), where X
is a compact metric space with a distance lunction d. II X contains a point p
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such that p is not an isolated point of X and X\{p} is arcwise connected, then
there exists g E H n such that g(x) > °for each x E X.

Proof We will first obtain an element g of Hn such that g(x) ~ °for
each x E X. For each n = 1,2,... , let Un = {x: d(x,p) < lIn} and let
y E X\ Ul • It may be that X\ Ul = 0, but for some i, XIUi =1= 0. Without
loss of generality we assume i = 1. Since p is not an isolated point of X,
we may choose n - 1 distinct points X l

k , ... , X~_l of Uk . Since H n is a Haar
space, there exists gk E H", such that

giy) > 0,

II gk II = 1,

and

gk(X/) = 0, i = 1, "', n - 1

In the case n = 1, there are no such x/so
Consider a second norm on H n :

[3, p. 20].

Using the result that any two norms on a finite dimensional space are
equivalent, we obtain that if

then since

we have

B being a constant. This implies that the coefficients

k = 1,2,..., i = 1,... , n,

are uniformly bounded. We may, therefore, choose a subsequence of {CXkJ
which converges to same CXl •We then select a subsequence ofthe subsequence
above so that the corresponding subsequence of CXk2 converges to some ~ .
Continuing in this way we produce a convergent subsequence of gk, here­
after called gk, which converges to some g in 1111. We observe that since
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and

g(y) = lim gk(Y),
k

it follows that

g(y) ~ O.

We also observe that since

III g II - II gk III ~ il g - gk Ii,

it must be the case that

II gil = 1.

203

Let y' EX - {p, y}. There exists an arc A from y to y' missingp. There exists
an M > 0 such that Uk n A = 0 for k > M. Now gk(Y) > 0 and gk has
no zeros in X\Uk . Hence glx) > 0 for each x E A k > M. It follows that
g( y') ~ O. Since y' was an arbitrary point in X distinct from p, g(x) ~ 0
for each x E X, x oF p. But P is not isolated; hence, by continuity, g(x) ~ 0
'VXEX.

If Hn does not contain a positive function, then for each TJ, 0 < TJ < 1,
TJg is a best approximation from H n to the function/(x) = 1. This contradicts
the Haar uniqueness theorem [3, pp. 22]. Thus H" contains a positive
function. We remark that if X = [a, b], then we can choose p to be a or b.
In our example earlier, no point p exists such that X\{p} is arcwise connected.
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